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Three-dimensional laminar slip-flow and heat transfer in rectangular microchannels having constant
temperature walls are studied numerically using the finite-volume method for thermally and simulta-
neously developing flows. The Navier–Stokes and energy equations are solved with velocity slip and tem-
perature jump at the wall. A modified convection–diffusion coefficient at the wall–fluid interface is
defined to incorporate the temperature-jump boundary condition. Validity of the numerical simulation
procedure is established and the effect of rarefaction on hydrodynamicaly developing flow field, pressure
gradient and entrance length is analyzed. A correlation for the fully developed friction factor is presented
as a function of Knudsen number (Kn) and aspect ratio (a). The influence of rarefaction on the Nusselt (Nu)
number is investigated for thermally and simultaneously developing flows. The effect of velocity slip is
found to increase the Nu number, while the temperature-jump tends to decrease it, and the combined
effect could result in an increase or a decrease in the Nu number. In the fully developed region, there
could be high as 15% increase or low as 50% decrease in Nu number is plausible for the range of param-
eters considered in this work.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Conventional examples of fluids in slip-flow conditions include
low pressure fluidic flow systems such as those occurring in vac-
uum and aerospace engineering devices [1]. Recent advances in
micro–nano fabrication technologies and development of micro-
scale thermal fluidic systems have opened a new area where the
dynamics of slip-flow is applicable [2].

One of the major difficulties predicting the flow of fluids in mi-
cro- and nano-sized channels can be attributed to the rarefaction
effects that occur in the fluids when the channel dimensions be-
come comparable to the mean free path of the fluid molecules.
These circumstances result in non-continuum regions in the fluid
that will influence the velocity profile, pressure drop and heat
transfer in the channels. Knudsen number is a measure of the de-
gree of the rarefaction which is defined as the ratio of mean free
path to the characteristic length scale of the system. For small
Knudsen numbers, Kn 6 10�3, the fluid is considered to be a con-
tinuum, while for large values, Kn P 10, free molecular flow is as-
sumed. The slip-flow region studied in this paper has Knudsen
number in the range of 10�3

6 Kn 6 10�1, where molecular colli-
sions with the walls dominate over intermolecular collisions
ll rights reserved.

: +1 312 413 0447.
resulting in a breakdown of the continuum assumption in a thin re-
gion adjacent to the walls.

It is well established that for the slip-flow regime, the standard
Navier–Stokes equations can still be used with modified boundary
conditions for slip velocity at the walls. Previous experimental,
numerical and analytical studies on gaseous flows in microchan-
nels [3–11] strongly support the applicability of the continuum ap-
proach in combination with velocity slip boundary condition to
solve the slip-flow problems in microscale fluidic systems. Primar-
ily, the effect of rarefaction on the velocity profile and pressure dis-
tribution was analyzed and most of the numerical and analytical
studies were performed in a two-dimensional coordinate system
often with simplified assumptions to the governing equations.
Dongari et al. [12] and Choi et al. [13] have analyzed different
slip-flow models and their validity for range of Knudsen numbers.

Slip-flow heat transfer in parallel plate microchannels have
been studied by numerous authors [14–17] for different boundary
conditions. Hadjiconstantinou and Simek [17] showed that for the
slip-flow region, the continuum approach prediction is in good
agreement with the direct simulation Monte Carlo (DSMC) results.
The extended Graetz problem with velocity slip and temperature
jump at the wall has been studied analytically and numerically
for the cases of constant wall temperature and constant heat flux
boundary conditions by several researchers [18–23]. Axial conduc-
tion effects were neglected in all solutions and the simplified
energy equation was solved assuming hydrodynamically fully
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Nomenclature

a convection–diffusion parameter
A area
cp specific heat
Dh hydraulic diameter
Ec Eckert number
fRe friction relation
H non-dimensionalized height of microchannel
k thermal conductivity
Kn Knudsen number
L non-dimensionalized length of microchannel
Nu Nusselt number
p pressure
P non-dimensionalized pressure
P* guessed pressure
P0 pressure correction
Pe Peclet number
Pr Prandtl number
Re Reynolds number
T temperature
u fluid velocity
U non-dimensional fluid velocity
W non-dimensionalized width of microchannel

X, Y, Z non-dimensional coordinates
Z+ non-dimensional axial length, Z/(DhRe)
Z* reciprocal Graetz number, Z/(DhPrRe)

Greek symbols
a aspect ratio
b parameter defined by Eq. (10)
c specific heat ratio
h non-dimensionalized temperature
l viscosity
q density
rT thermal accommodation coefficient
rV momentum accommodation coefficient
/ eigen values defined by Eq. (13)
u independent variable

Subscripts
ave average
i, j, k array indices
in inlet
wall wall surface
N, S, E, W, T, B neighboring grid points

Y
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Z
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L

Fig. 1. Schematic diagram of the rectangular microchannel passage.
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developed velocity profile. Slip-flow heat transfer in rectangular
microchannels has been studied by several researches [24–29].
Yu and Ameel [24,25] studied laminar slip-flow forced convection
under thermally developing flow for constant wall temperature
and isoflux boundary conditions. The energy equation was solved
analytically using integral transform technique neglecting axial
conduction and the heat transfer augmentation due to rarefaction
was studied. Renksizbulut et al. [26] solved slip-flow and heat
transfer in the entrance region of rectangular microchannels for
cases where Prandtl number is equal to unity.

In slip-flow region, it was assumed that the temperature of the
fluid adjacent to the wall was finitely different from the wall sur-
face temperature due to breakdown of the continuum flow near
the walls. The above studies show the importance of implementing
the temperature jump boundary condition in solving energy equa-
tion in the slip-flow region and neglecting it could lead to a signif-
icant over prediction of the heat transfer.

The entrance region in a microchannel is particularly of interest
due to the presence of large pressure drop and heat transfer, and
the relative size. Also, the effect of axial conduction becomes
important for low Peclet numbers (Pe = RePr) which is typical in
microchannel flows. In this study, three-dimensional slip-flow
and heat transfer in rectangular microchannels are investigated
for thermally and simultaneously developing flows and axial con-
duction effect is included in the solution. The non-dimensionalized
governing equations are solved using the SIMPLE finite-volume
method. Implementation of the temperature-jump and discretiza-
tion of the energy equation at the fluid wall interface is explained.
The effect of rarefaction on hydrodynamically developing flow field
and pressure gradient in the entrance region is analyzed. Variation
of the entrance length with Kn is investigated for different aspect
ratios. A correlation for the fully developed fRe is presented as a
function of Kn and aspect ratio. The influence of Peclet number
and rarefaction on the Nusselt number is studied in detail for ther-
mally and simultaneously developing flows.

2. Analysis

The schematic of the microchannel and coordinate system con-
sidered in this analysis are shown in Fig. 1. The aspect ratio is given
by a = H/W, where H and W are the dimensionless height and width
of the channel. The flow is considered along the Z-axis and the
channel length is chosen so that hydrodynamically and thermally
developed flow is reached at the exit. A constant temperature
boundary condition is assumed at the outer wall surfaces.

The numerical model for fluid flow and heat transfer in the
microchannel was developed under the following assumptions:

� Steady fluid flow and heat transfer.
� The flow is incompressible and laminar.
� Constant fluid properties.
� Negligible radiation heat transfer.
� Body forces and viscous dissipation are ignored.
� Rarefaction effects set velocity slip and temperature-jump at the

fluid–wall interface.

Based on the above assumptions, the governing equations
describing fluid flow and heat transfer in the microchannel can
be written as follows:

The momentum equation,

quj
oui

oxj
¼ lr2ui þ

op
oxi

; ð1Þ



Wall

P
E

S

W

X

U

Ue

Uθ

θ
Δ

θ
θ

θ θ

s

N

Wall
Fluid 

Fig. 2. Control volume adjacent to the wall (only two-dimensions are shown for the
simplicity).
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and the energy equation

qcpuj
oTi

oxj
¼ kr2T: ð2Þ

The momentum and energy equations are non-dimensionalized
using following dimensionless parameters:

Xi ¼
xi

Dh
; Ui ¼

ui

uave
; P ¼ p

qu2
ave

and h ¼ T � T in

Twall � T in
: ð3Þ

The non-dimensionalized momentum equation becomes

Uj
oUi

oXj
¼ 1

Re
r2Ui þ

oP
oXi

; ð4Þ

and the non-dimensionalized energy equation is

Uj
oh
oXj
¼ 1

RePr
r2h: ð5Þ

At the channel inlet, two different fluid velocity profiles are as-
sumed; uniform and fully developed. In addition, a uniform temper-
ature profile (hin = 0) is prescribed. At the exit, since the fully
developed conditions are assumed, the Z direction velocity and
temperature gradients are set to zero. A zero pressure is assigned
at the flow exit while zero pressure gradient is applied to all other
boundaries including the inlet. A constant wall temperature
(hwall = 1) is maintained at the wall while the fluid flow satisfies
velocity jump and temperature jump at the walls.

2.1. Slip velocity and temperature jump boundary conditions

In a traditional (i.e., continuum) flow analysis, velocity and tem-
perature continuity is enforced along all fluid–wall interfaces. In
the no-slip-flow region, a discontinuity of the velocity and temper-
ature at the fluid–wall interface arises due to breakdown of the lo-
cal thermodynamic equilibrium between the wall and the adjacent
fluid. The velocity slip and temperature jump of the fluid adjacent
to the wall is proportional to normal velocity and temperature gra-
dients at the fluid–wall interface.

The non-dimensionalized tangential velocity slip at the fluid–
wall interface is expressed as [2]

U ¼ 2� rV

rV

� �
Kn

oU
on
þ 3

2p
ðc� 1Þ

c
Kn2Re

Ec
oh
oZ
: ð6Þ

oU
on is the transverse velocity gradient and oh

oZ is the tangential temper-
ature gradient in the fluid at the fluid–wall interface. The first term
of Eq. (6) represents the slip-flow induced by the transverse velocity
gradient, while the second term accounts the slip-flow induced by
the thermal creep. The second term becomes negligible since o/
on� o/oZ at the wall for moderate temperature gradient slip-flows
and also due to fact that it is second order in Knudsen number.

Similarly, the non-dimensionalized temperature jump at the
fluid–wall interface is given by [2]

h� hwall ¼
2� rT

rT

2c
cþ 1

� �
Kn
Pr

oh
on
: ð7Þ

oh
on is the transverse temperature gradient in the fluid at the fluid–
wall interface. The tangential momentum accommodation coeffi-
cient, rV, and thermal accommodation coefficient, rT, describe the
interaction of the fluid molecules with the wall. Generally the val-
ues of these coefficients depend on the surface finish, temperature
and velocity at the fluid–wall interface, and are determined exper-
imentally. It varies from near zero to unity for specular and diffuse
reflections, respectively. For most engineering applications, values
of accommodation coefficients are near unity and considering
approximate nature of the slip-flow they are taken as unity in this
present study.
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The non-dimensional form of the simplified slip-flow velocity
and temperature-jump boundary conditions can be expressed as

U ¼ Kn
oU
on

; and ð8Þ

h� hwall ¼
Kn
b

oh
on
; ð9Þ

where b ¼ cþ 1
2c

� �
Pr: ð10Þ

The parameter b is a function of Prandtl number, Pr, and specific
heat ratio, c.

Ebert and Sparrow [30] have presented an analytical equation
for fully developed slip-flow velocity profile in a rectangular chan-
nel and it can be presented according to the coordinate system and
non-dimensional parameters considered in this analysis as follows:

UðX;YÞ ¼ HW
4A

X1
k¼1

cos /kX

/3
k

sinð/kH=2Þ
ðH=2þ Kn sin2ð/kH=2ÞÞ

 !

� 1� cosh /kY
cosh /kW=2þ Kn/k sinhð/kW=2Þ

� �
; ð11Þ
Fig. 5. Developing (a) pressure-gradient and (b) velocity profiles at different cros
where

A ¼
X1
k¼1

/�5
k

sin2 /kH=2

H=2þ Kn sin2 /kH=2

 !

� /kW=2� tanh /kW=2
1þ Kn/k tanh /kW=2

� �
; ð12Þ

and values of /k are evaluated using the eigenfunction

cotð/kH=2Þ ¼ /kKn: ð13Þ
3. Numerical solution

Due to symmetry, a quarter of the channel is considered in the
analysis. A non-uniform grid arrangement is used in the X, Y and Z
directions. A large number of grid points are used near the channel
inlet and fluid–wall interface to resolve the developing flow region
and large velocity and thermal gradients.

The numerical solution is obtained by discretizing the govern-
ing equations using the finite-volume method as described by
s-sections along a square microchannel for Re = 100 and Kn = 0, 0.04 and 0.1.
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Patankar [31]. A power law scheme is used to interpolate the con-
vection–diffusion coefficients at the faces of control volumes. The
pressure–velocity coupling is obtained using the Simple algorithm
[31]. To enhance the convergence rate, the pressure field is up-
dated with an additional pressure correction term based on the
average velocity deviation at each cross-section as shown below

P ¼ P� þ P0 þ ðUave;z¼0 � Uave;zÞ
Re

: ð14Þ

This procedure significantly improves the convergence rate of the
solution. The resulting set of algebraic equations is solved using
line-by-line method. The solution is assumed converged when
j(/n+1 � /n)//n+1j 6 10�6 is satisfied for all independent variables.

3.1. Implementation of the velocity slip and temperature jump
boundary conditions

A control volume adjacent to the boundary is shown in Fig. 2.
(For the simplicity a two-dimensional diagram is shown). A stag-
gered-mesh arrangement is considered in this analysis. Slip veloc-
ity at the wall is given by Eq. (8). By using a first order
approximation for the normal velocity gradient in Eq. (8), the slip
velocity can be expressed as a function of the neighboring velocity,
Ue, as

U ¼ Kn=DX
1þ Kn=DX

� �
Ue; ð15Þ

which is then incorporated in to the numerical solution as a coupled
boundary condition.

A discretized energy equation for a control volume adjacent to
the wall can be written as [30]

aNðhN � hPÞ þ aSðhS � hPÞ þ aEðhE � hPÞ þ aWðhW � hPÞ
þ aTðhT � hPÞ þ aBðhB � hPÞ þ b ¼ 0; ð16Þ
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Table 1
Comparison of fully developed fRe for laminar no slip-flow in rectangular channels with t

Aspect ratio, a 1 2 4

fRe, Shah and London [33] 14.227 15.548 18.233
fRe, Present calculation 14.219 15.485 18.145
where the coefficients a’s present the convection and diffusion
influence at the six faces of the boundary volume as shown in
Fig. 2. (For simplicity only two-dimensions are shown). The terms
hwall and hN are the temperatures at the wall and liquid–wall inter-
face, respectively, which could be assumed infinitesimal distance
apart.

The temperature jump at the fluid–wall interface can be written
as

hN � hwall ¼
Kn
b

oh
on
: ð17Þ
he results of Shah and London [33]
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By using a first order approximation for the normal temperature
gradient, oh

on ¼
ðhP�hNÞ

DX , in Eq. (17) and rearranging, the term (hP � hN)
can be written as

hP � hN ¼
ðhP � hwallÞ

1þ 1
b

Kn
DX

� � : ð18Þ

By substituting Eq. (18) into Eq. (15), the discretized energy equa-
tion can be expressed for a boundary control volume as

a�Nðhwall � hPÞ þ aSðhS � hPÞ þ aEðhE � hPÞ þ aWðhW � hPÞ
þ aTðhT � hPÞ þ aBðhB � hPÞ þ b ¼ 0; ð19Þ

where, a modified boundary convection–diffusion coefficient, a�N,
can be defined as

a�N ¼
aN

1þ 1
b

Kn
DX

� � : ð20Þ

Thus, the discretized equations for boundary control volumes can
be written similar to internal control volumes with a simple adjust-
ment to the boundary convection–diffusion coefficient, aN, as
shown in Eq. (20).
Fig. 8. Effect of rarefaction on the thermally developing temperature profile at different c
0.1 at (a) b = 0.5 and (b) b = 10.
3.2. Grid independence and validation

A non-uniform grid is considered in the X, Y and Z directions
with a fine grid near the channel walls and at the entrance region
where large gradients are exist. The grid independence of the
results was carried out by using different mesh sizes, and it was
found that any grid size beyond 16 � 16 � 200 (with a stretching
ratio of 4:4:100 in X, Y and Z directions, respectively) yields
grid independent results for a square channel. For larger aspect
ratios, the grid size was scaled accordingly to maintain the grid
independence.

The numerical code is validated by comparing results with the
available analytical and numerical results. Fig. 3 shows the fully
developed velocity profile along the Y-axis at different aspect ratios
and Knudsen numbers. Excellent agreement was found between
the present numerical results and the published numerical [26]
and analytical [30] data. The local Nu number along the microchan-
nel axis is compared with the analytical solution presented by Yu
and Ameel [24] for the case of thermally developing flow with uni-
form temperature boundary condition and negligible fluid axial
conduction. Very good agreement was observed between the pres-
ross-sections along the length of a square microchannel for Pe = 100 and Kn = 0 and



Z*

A
ve

ra
ge

flu
id

te
m

pe
ra

tu
re

,θ
av

e

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1

Kn=0, for all β
Kn=0.04, β=0.5
Kn=0.04, β=10
Kn=0.1, β=0.5
Kn=0.1, β=10

α=1

θwall

Fig. 9. Variation of average fluid temperature along the axis of a square micro-
channel for thermally developing flow at different Kn and b values.

Z*

N
u

Z

10-4 10-3 10-2 10-1 100

0

20

40

60

80

100

120

140

160

180

200
T, α=1
Kn=0

Pe=0.1Pe=1Pe=10Pe=100

Thermally
developing

Simultaneously
developing

Fig. 10. Effect of Pe on developing local Nusselt number along the axis of a square
microchannel for no-slip-flow case.

5094 H.D.M. Hettiarachchi et al. / International Journal of Heat and Mass Transfer 51 (2008) 5088–5096
ent calculation and the Yu and Ameel [24] solution at different
Knudsen numbers as shown in Fig. 4. Further, the present solution
agrees well with the no-slip-flow data by Wilbulswas [32].

4. Results and discussion

Rarefaction effects on the fluid flow and heat transfer in the
rectangular microchannels with constant wall temperature are
examined using two-dimensionless parameters, Kn (0 < Kn < 0.1)
and b (0.5 < b < 10), that include the effects of velocity slip and
temperature jump.

4.1. Hydrodynamically developing flow field

Fig. 5 shows the effect of slip-flow on the developing pressure
gradient and velocity profiles at different cross-sections in the en-
trance region for a square microchannel. The pressure gradient and
velocity profiles for three different Knudsen numbers are shown.
For no-slip-flow condition (i.e., Kn = 0), local pressure gradient
and velocity maxima can be observed near the walls in the very
beginning of the entrance region, particularly near the corner re-
gion. This is because of a sudden drop of fluid momentum adjacent
to the walls due to the no slip boundary condition. As the slip in-
creases (i.e., Knudsen number increases), the pressure gradient
and the velocity maximums diminish since the velocity slip allows
the fluid near the walls to keep part of its momentum. As the flow
develops along the channel, the pressure gradient profiles become
uniform across the cross-section and an increase in the Kn number
results in lower pressure gradients as shown in Fig. 5a. At a given
cross-section, the slip velocity varies along the periphery and
reaches a minimum at the corners, and the maximum velocity
which occurs in the core region decreases with increasing Kn num-
ber as shown in Fig. 5b.

4.2. Entrance length

Fig. 6 shows the variation of the entrance length with the chan-
nel aspect ratio at different Kn numbers. A uniform inlet velocity
profile is assumed and the dimensionless entrance length, Zþen, is
defined as the distance where the maximum velocity reaches
99% times the corresponding fully developed value. The entrance
length increases as the aspect ratio increases until it reaches a
maximum near an aspect ratio of four and then it decreases as
the aspect ratio increases further. As the aspect ratio increases
and the channel becomes more flat, the influence of the shorter
side walls and corner regions on the core velocity diminishes
resulting in a decrease in the entrance length. The Knudsen num-
ber has an increasing effect on the entrance length for all aspect ra-
tios except for the aspect ratios near unity where negligible
increase was observed as shown in Fig. 6.

4.3. Fully developed friction relation fRe

The friction relation, fRe, calculated for the fully developed no-
slip-flow at different aspect ratios is in good agreement with the
data given by Shah and London [33] as shown in Table 1. The fully
developed slip-flow friction relation, fRe, is studied compared to
the no-slip-flow case. The relation between the Knudsen number
and the fRe is assumed in the form [30]

fReKn ¼
1

1þ CKn
fReKn¼0 ð21Þ

Rearranging the above equation in the form, (fReKn=0/fReKn � 1) =
CKn, and plotting (fReKn=0/fReKn � 1) against Kn as shown in
Fig. 7a and observing the linear behavior, it can be concluded that
the constant C is only a function of aspect ratio. Fig. 7b shows the
variation of C with the channel aspect ratio. Correlation for the con-
stant C is proposed from the least square fit with 0.999 coefficient of
determination as

C ¼ 11:93� 11:32=aþ 10:32=a2 � 3:15=a3; ð22Þ

for the range of Kn and b considered.

4.4. Thermally developing temperature field

The effect of the Kn and b on the temperature profile is shown in
Fig. 8 for thermally developing flow. It should be noted that the
non-dimensionalized wall temperature is set equal to unity in all
cases. As expected, for no-slip-flow (Kn = 0), no temperature jump
is observed at the wall–fluid interface as shown in Fig. 8. As slip in-
creases, the effect of Kn and b on the temperature profile becomes
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apparent. At low b values, the temperature profile deviates consid-
erably from that of the no-slip-flow case due to large temperature
jump that exits at the walls shown in Fig. 8a. As b increases, the
temperature jump at the wall decreases and the temperature pro-
file follows closely that of no-slip-flow case as shown in Fig. 8b.
The average fluid temperature along the channel length, Z*, is
shown in Fig. 9 for thermally developing flow. As slip increases,
the average fluid temperature can increase or decrease that of
no-slip-flow case depending on the value of b. For low b values,
the average fluid temperature is less than that of the no-slip-flow
case and it increases as b increases and beyond a certain b, it
reaches higher than that of no-slip-flow case as shown Fig. 9.

4.5. Nusselt number

The effect of Pe on the Nu number along the channel length for
no-slip-flow (Kn = 0) is shown in Fig. 10 for a square channel under
thermally and simultaneously developing flows. For low Pe values,
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a large increase of Nu is observed in the beginning of the entrance
region as shown in Fig. 10. This is due to the strong axial conduc-
tion effects presence at low Pe values. For large Pe values, Nu
reaches fully developed state at a much earlier stage and the differ-
ence between thermally and simultaneously developing Nu pro-
files become more obvious as shown in Fig. 10. Thus is due to
the presence of strong advection effects at large Pe values.

In the case of slip-flow, the presence of the velocity slip and
temperature jump can significantly affect the local Nu number.
The velocity slip increases the advection near the walls causing
an increase in the heat transfer whereas the temperature-jump in-
creases the thermal resistance at wall–fluid interface resulting in a
decrease in the heat transfer. Therefore, the combined effect of
velocity slip and temperature jump could increase or decrease
the heat transfer depending on their relative magnitude. Fig. 11a
shows the effect of Kn and b on the developing Nu in the entrance
region for Pe = 1. Here, slip-flow Nu number is compared to that of
no slip-flow case. At the beginning of the entrance region, a drop in
Nu is observed with the increase of Kn for all cases. This trend be-
comes more obvious at low b values as shown in Fig. 11a. This is
due to the presence of large temperature jump at the beginning
of the entrance region that results in a drop in Nu. Also it is inter-
esting to observe that the Nu at the threshold of entrance is
approaching a unique value, b/Kn, irrespective of the flow condi-
tion as predicted by Yu and Ameel [34]. As flow develops, at small
b values, the effect of temperature jump remains dominant
throughout the entrance region resulting in a decrease of Nu
throughout the entrance length as shown in Fig. 11a for the case
of Kn = 0.1 and b = 0.5. Beyond a certain value of b, velocity slip ef-
fect becomes more dominant over the temperature jump effect
resulting in an increase of Nu as shown in Fig. 11b for the case of
Kn = 0.1 and b = 10. Further, at low Pe values, there is not much dif-
ference between thermally and simultaneously developing Nu pro-
files are observed. As Pe increases, this difference becomes more
apparent as shown in Fig. 11b.

Fig. 12 shows the fully developed Nu variation with Kn for dif-
ferent aspect ratios and b. When Kn = 0, the Nu is in good agree-
ment with the results of Shah and London [33]. As Kn increases,
Nu can increase, decrease or stay nearly constant depending on
the value of b. Large reductions in Nu are observed at large aspect
ratios as shown in Fig. 12. This could be due to the fact that the
Knudsen number, Kn
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Fig. 12. Fully developed Nusselt number with the Knudsan number for different
aspect ratios and b values.
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temperature jump effect becomes more dominant over velocity
slip effect at large aspect ratios. In the range of parameters consid-
ered, there could be high as a 15% increase or low as a 50% decrease
in the fully developed Nu is possible due to slip-flow.

5. Conclusions

The effects of slip-flow on the flow field and heat transfer in
rectangular microchannels with constant wall temperature walls
has been studied numerically considering thermally and simulta-
neously developing flow conditions. Different channel aspect ratios
(1 6 a 6 10) were considered for Peclet numbers in the range of
0.1 6 Pe 6 100 and Knudsen numbers in the range of 0 6 Kn 6 0.1
with b in the range of 0.5 6 b 6 10. The Navier–Stokes and energy
equations are solved in a three-dimensional domain using the fi-
nite-volume method subjected to velocity slip and temperature
jump boundary conditions. A modified convection–diffusion coeffi-
cient at the fluid–wall interface is defined to incorporate the tem-
perature-jump boundary condition. The rarefaction effect
decreases the velocity and pressure gradients in the channel result-
ing in a considerable reduction in the friction factor. The entrance
length generally increases with the increase of Kn while the chan-
nels with aspect ratio near 4 are shown to have the largest en-
trance length. A correlation for the fully developed fRe is
presented as a function of Kn and aspect ratio, a. The effect of Pe,
Kn and b on Nusselt (Nu) number is investigated in the entrance re-
gion for thermally and simultaneously developing flows. The veloc-
ity slip has an increasing effect on the Nu number whereas
temperature jump has a decreasing effect, and the combined effect
could result in an increase or a decrease in the Nu number. The dif-
ference between simultaneously and thermally developing Nu
numbers become more significant with the increase of Pe number.
The fully developed Nu is determined for range of parameters.
There could be high as a 15% increase or low as a 50% decrease
in the fully developed Nu is possible due to slip-flow.
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